The thermal rate coefficients and kinetic isotope effects have been calculated using ring polymer molecular dynamics (RPMD) for the prototypical reactions between methane and several hydrogen isotopes (H, D, and Mu). The excellent agreement with the theoretical rate coefficients of the H + CH 4 reaction obtained previously from a multiconfiguration time-dependent Hartree (MCTDH) calculation on the same potential energy surface provides strong evidence for the accuracy of the RPMD approach. These quantum mechanical rate coefficients are also in good agreement with the results obtained previously using the transition-state theory with semi-classical tunneling corrections for the H/D + CH 4 reaction reactions. However, it is shown that the RPMD rate coefficients for the ultralight Mu reaction with CH 4 are significantly smaller than the experimental data, presumably suggesting inaccuracies in the potential energy surface.
I. Introduction
The abstraction reaction between hydrogen atom and methane, H + CH 4 → H 2 + CH 3 , has attracted much interest because of its importance in combustion chemistry. 1 The rate coefficient of the reaction is well known over a large temperature range. [2] [3] [4] [5] [6] [7] [8] It has also served as a benchmark for understanding bimolecular reaction dynamics involving polyatomic molecules. [9] [10] [11] Due to the involvement of light hydrogenic atoms, the reaction is intrinsically quantum mechanical. Quantum effects, such as tunneling and zero-point energy (ZPE), manifest not only in dynamics, but also in kinetics as well. Indeed, large and inverse kinetic isotopic effects (KIEs) have been observed for this important prototypical reaction. 3, 5 An exact quantum mechanical account of the dynamics of this twelvedimensional reaction poses a formidable challenge. 12 As a pre-requisite, a globally accurate potential energy surface (PES) has to be developed based on high-level ab initio calculations. 13 Much progress has been made in this aspect and several such PESs have been reported for the title reaction. [14] [15] [16] [17] [18] [19] [20] [21] However, a full-dimensional quantum mechanical treatment of the reaction dynamics is still very difficult. With the exception of the multidimensional time-dependent Hartree [22] [23] (MCTDH) calculations, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] most quantum dynamical studies of this reaction have been cast in reduced-dimensional models, [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] due to the exponential scaling laws of CPU and memory requirements. Even in the MCTDH work, the J-shifting approximation 46 had to be used in order to make the calculations feasible. Nonetheless, the MCTDH results has remained as the most accurate quantum treatment and provide the benchmarks for all approximate models. 47 For the rate coefficients and kinetic isotope effects, it is not necessary to understand the complete reaction dynamics, as the state-to-state scattering attributes are averaged by the Boltzmann factor. Indeed, the transition-state theory (TST) offers a direct and more efficient theoretical approach for calculating rate coefficients. 48 To include quantum effects, many semi-classical models have been proposed, [49] [50] including the wellestablished small-curvature tunneling (SCT), large-curvature tunneling (LCT), and the microcanonical optimized multidimensional tunneling (μOMT) methods. However, these semi-classical approximations, which have seldom been tested for large systems due to the lack of accurate full-dimensional quantum studies, may not provide reliable results in the deep tunneling regime because the tunneling is inherently multi-dimensional. Another uncertainly in the TST approach is the effect of recrossing near the transition state. While the variational transition-state theory can reduce the impact of recrossing, 51 it is hard to quantify the error due to the neglect of this factor. The thermal rate coefficients of the reactions between methane and various isotopes of hydrogen (H, D, T, and Mu) have been computed using both variational TST with semi-classical treatments of tunneling 18, [52] [53] [54] [55] and MCTDH. 24-30, 32, 34-35 (Here, Mu, denoting muonium, is a short-lived ultralight hydrogen isotope with a mass of 0.113 au). While agreement between semi-classically corrected TST and MCTDH results has generally been quite good, 52 significant disagreement with experimental KIEs has been found. 18, 29, 42, 53 Since KIEs are more sensitive to the details of the PES, these discrepancies suggest possible errors either in the PES or the theoretical methods themselves. To this end, Pu and Truhlar have compiled a list of possible reasons for the experiment-theory discrepancies, 53 but a clear identification of the origin remains elusive. Some of the possible reasons are related to the uncertain validity of the approximate methods used to obtain the theoretical rate coefficients, which we hope to rule out by the calculations presented in this work.
To this end, we present here a ring polymer molecular dynamics (RPMD) study of rate coefficients of the title reactions and kinetic isotope effects using the recently developed RPMDrate code. 56 RPMD is an approximate quantum theory based on the isomorphism between quantum statistical properties and classical mechanics. [57] [58] To this end, each quantum particle is represented by a ring polymer made up of a number of beads connected with harmonic potentials. 64 In this work, the RPMD rate coefficients for the title reactions and KIEs were generated using a recent ab initio calibrated empirical PES, 17 on which TST 18 and MCTDH calculations 34 have been reported.
Comparison with these earlier theoretical results sheds light on the accuracy of various theoretical methods, and comparison with experiment yields insight on the reliability of the PES. This publication is organized as follows. The RPMD method is outlined in the 6 next section (Sec. II), followed by computational details (Sec. III). The results are presented and discussed in Sec. IV, and conclusions are given in Sec. V.
II. Method
All calculations are performed using the recently developed RPMDrate code. 56 Only a brief description of computational methodology used in the current work is given here. For more detailed derivations of some of the working equations we refer the reader to Refs. 60 and 56. For the six-atom molecular system, the Hamiltonian can be written in atomic Cartesian coordinates as follows:
where ˆi p and ˆi q are the momentum and position operators of the i th atom, and the is its atomic mass. Taking advantage of the classical isomorphism between the quantum system and the ring polymer, each quantum particle is represented by a necklace with n classical beads connected by a harmonic potential: To obtain the reaction coordinate for the title reaction, two dividing surfaces are first defined in terms of the ring-polymer centroids. The first dividing surface is placed in the reactant asymptote:
where R is the centroid of the vector that connects the centers of mass of the reactants and R  is an adjustable parameter. In practice, it is chosen to be sufficiently large to make the interaction negligible between the reactants. The second dividing surface is placed in the transition-state region and is defined in terms of the bond-breaking and bond-forming distances as discussed in Ref. 56 . The title system has one bond that forms and breaks in the reaction and four equivalent product arrangement channels:
where 
The first factor in the above equation represents the static contribution while the second factor is the dynamical correction. This approach is particularly suited for activated reactions as barrier crossing is a rare event. [70] [71] In particular, QTST ( 
where R  is the reduced mass between the two reactants and
is the free-energy difference which is obtained via umbrella integration along the reaction coordinate.
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The dynamical correction is provided by the second factor ( ( ; ) t
) in Eq. (7), which is the long-time limit of a time-dependent ring-polymer transmission coefficient. It is expressed as the ratio between two flux-side correlation functions:
accounting for recrossing at the transition state (
, reaches a plateau relatively quickly, and no long-time propagation is needed. It has been pointed out that this factor counterbalances QTST ( ; )
kT   , ensuring that the
is independent of the choice of the dividing surface.
67
In practice, the transmission coefficient is calculated by sampling ring-polymer trajectories starting with their centroid pinned at
56, 59-60
An added advantage of the RPMD rate theory is that it reduces to the classical limit when only one bead is used. In this limit, the static and dynamical components of Eq. (9) become identical to the classical transition-state theory rate coefficient and the classical transmission coefficient, respectively. 59 These quantities thus establish the limit to which the quantum effects such as ZPE and tunneling can be evaluated by using more beads. The minimal number of beads needed to account for the quantum effects can be estimated by the following formula:
where max  is the largest frequency of the system.
III. Computational details
The analytical PES used in this work is due to Corchado, Bravo, and EspinosaGarcía (PES-2008), which was calibrated with high-level ab initio data and is symmetric for hydrogen permutation. 17 This PES was chosen because of its numerical efficiency and the existence of tunneling corrected TST 18 as well as MCTDH calculations, 34 which indicated a good agreement with experiment. RPMD calculations have also been reported for the H + CH 4 reaction on this PES, but only at 300 K. 56 Comparison with the converged Shepard interpolated PES developed by Wu et al. 16 indicated that this PES is very accurate for the H + CH 4 rate coefficients.
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All calculations were performed using the recently developed RPMDrate code. 56 In this work, the thermal rate coefficients for the H/D/Mu + CH 4 reactions were calculated at the range of 200-821 K. The calculations were first done with one bead, which provides the classical limit. The number of beads was then increases until convergence. Due to the small mass of Mu, the number of beads needed to converge the rate coefficients is particularly large. However, the largest number (128) used in our calculations is significantly smaller than that reported in the recent RPMD calculations on the Mu + H 2 reaction (512). 61, 63 In the calculation of the PMF using umbrella sampling, different sized windows reaction, the behavior of the PMF is different and 117 windows with the same small interval (dξ =0.01) along the entire reaction coordinate range (-0.05≤ ξ ≤1.10) were used.
In each sampling window, the system was first equilibrated for 20 ps, followed by a production run (5 ns The parameters used in our calculations were checked to be sufficient to converge RPMD rate coefficients to within a statistical error of ~ 5%.
IV. Results and Discussion
The involvement of hydrogen and its isotopes in the title reaction renders these systems strongly quantum mechanical. The number of beads required in the RPMD calculations of the rate coefficients depends on the isotope and temperature, as listed in Table 1 . These numbers are not much more than the minima suggested in Eq. (10), underscoring the fast convergence of the RPMD approach.
In Interestingly, the RPMD barrier for D is slightly lower than that for H at the same temperature, indicating that factors other than tunneling, particularly the vibrational frequencies near the transition state, also influence the free-energy of activation.
Interestingly, the RPMD free-energy barrier is significantly higher than in the classical limit in the case of the ultralight isotope Mu. This seemingly surprising behavior has also been observed in the Mu + H 2 reaction, 61, 63 and can be attributed to the large ZPE of the MuH product relative to the reactant. 78 Indeed, it was well established that the inclusion of the ZPE results in the shifting and broadening of the vibrationally adiabatic potential, which inhibit tunneling. 61, 63, [78] [79] Apparently, the same mechanism is operative in this case. Indeed, as shown in Fig. 3 Interestingly, the RPMD transmission coefficients in Table 1 generally increase with temperature, suggesting more recrossing at low temperatures, as seen in previous RPMD studies. [59] [60] This is in contrast to the behavior of the classical transmission coefficients, which decrease with temperature (not shown). As Richardson and Althorpe pointed out, 64 in the deep tunneling region below the cross-over temperature,  is the imaginary frequency at the top of the reaction barrier, the excited modes of the ring polymer start to contribute to the optimum reaction coordinate. As a result, the centroid variable is no longer an optimal quantity for defining the dividing surface and the QTST rate coefficient becomes artificially large. 60 15 which underestimated the barrier height.
In Fig. 5 , the comparison for the D + CH 4 rate coefficients is shown in the Arrhenius plot. The experimental data from Kurylo et al. 3 are again significantly larger than all theoretical ones, which might stem from the same problem with the secondary reactions as discussed above. To our best knowledge, there has not been any more recent work on this reaction. Given the much smaller rate coefficients recommended by Baulch et al. 8 and by Sutherland et al. 6 for the H + CH 4 reaction, it is likely that the rate coefficient in the study of Kurylo et al. 3 were also overestimated for the D + CH 4 reaction. 29 In other words, we believe that the theoretical rate coefficients are probably more accurate than their experimental counterparts. 79, 83 There are several possible sources of errors. The thick barrier and high ZPE of the products shown in Fig. 3 makes it unlikely that the tunneling plays a major role in this reaction. As a result, the semi-classical treatment of the tunneling effects is probably not responsible. On the other hand, there is the possibility that the errors are introduced in the harmonic approximation in calculating the partition functions. Note that the Mu-H frequency is close to 10,000 cm -1 , and the exclusion of anharmonicities could lead to large errors, even at low temperatures. This hypothesis is reinforced by the excellent agreement of the RPMD rate coefficients for the Mu + H 2 → MuH + H reaction with experimental and QM values, which suggests that the RPMD approach is accurate for reactions involving Mu. 61, 63 The KIEs are displayed in Fig. 6 for the three hydrogen isotopes. The rate coefficients on different PESs also uncovered significant differences. 35 There are several ab initio global PESs available 19, 21 and we plan to examine the RPMD calculations on these more accurate PESs in the near future.
V. Conclusions
In this work, we apply a full-dimensional approximate quantum mechanical method, namely ring-polymer molecular dynamics (RPMD), to calculate the rate The overall agreement with experimental rate coefficient is good for the H + CH 4 reaction, particularly with the latest measurement by Sutherland et al. 6 Sutherland et al., 6 and the recommended values from Baulch et al. 
